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Fluctuation-dissipation theorem imposes high-voltage fluctuations
in biological ionic channels
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In order to determine the voltage fluctuations across cell membranes, the theory of generalized
susceptibility was applied to a system comnsisting of a capacitor and a resistor in parallel, resembling
a fragment of biological cell membrane harboring an ionic channel. We found, in accordance with
others, that the mean square voltage fluctuation is given by <V2> = kT /C, where C is the electrical
capacitance of the membrane. When the above equation is applied to different combinations of
membrane patch areas and corresponding channels, it is possible to identify a range of membrane
areas and channel conductivities where voltage fluctuations may influence the behavior of a putative
gate. It appears that for lower channel conductivities high amplitude voltage fluctuations fall in
the range of typical gating response times. It is proposed that voltage fluctuations may be included
among the many mechanisms influencing gating behavior.

PACS number(s): 87.10.+e, 87.22.Bt

I. INTRODUCTION

Biological ionic channels are microscopic entities capa-
ble of transferring ions at a great rate. Most ion channels
exist in one of two basic configurations, namely, open or
closed. Transitions between channel configurations are
mediated by a specialized region of the channel, the gate.
Gates can be modulated by chemicals, by voltage, or just
be insensitive. In either case, transitions between the
various configurations (open, closed, intermediate states)
display a stochastic component whose nature is poorly
understood [1-3].

Cell membranes, on the other hand, are the substra-
tum upon which channels insert. Since the membrane
matrix is basically electrically insulating and separates
two electrolytical media, it acts as an electrical capaci-
tor. Channels, inserted alongside the matrix, can then be
viewed as leaks upon the membrane dielectric, what leads
to the parallel RC equivalent for the channel-membrane
system [4,2].

Living cell membranes are usually subject to high elec-
trical fields. A series of processes contribute to main-
tain a voltage difference of about 60-90 mV across the
membrane. This is a time-averaged voltage, easily mea-
surable with special electrodes. At a smaller time scale
it is expected, from thermodynamics, that the voltage
across the membrane fluctuates. Also, when the dimen-
sion is stepped down to molecular sizes, it is not possible
to probe into the very vicinity of the membrane. Voltage
fluctuations at a molecular scale cannot be measured due
both to the unavailability of microscopic probes and to
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the response limitation of measuring electronics. Mea-
surement of these fluctuating voltages is also inherently
elusive due to the thermal noise of electronic appara-
tuses. Ionic channels and respective gates, on the other
hand, are sufficiently small and fast as to both sense and
respond to local fluctuating electrical fields [3,1].

In addition, voltage fluctuations are predicted to ex-
ist across the cell membrane. Values of the fluctuating
voltages across cell membranes are, however, conflicting
in the literature, due mostly to the different theoretical
methods employed. Weaver and Astumian [5] have pre-
sented a recent calculation of the effects of weak fields
upon cells. Oosawa [6] has calculated the magnitude of
fluctuating voltages across different points in electrolyt-
ical solutions. Such studies point to average fluctuating
voltages reaching, in some conditions, the 100 mV mark.

An analysis of the effects of fluctuating electric fields
on membrane components has to take into account two
main aspects: first, the factors that influence the mag-
nitudes and spectral distribution of voltage fluctuations,
and second, the mechanisms permitting the cell to react
to such fluctuating fields. In the present work we confine
ourselves specifically to the effects of fluctuating mem-
brane voltages on the functioning of an idealized channel
and its respective gate.

II. THEORY

We model the ionic channel and the corresponding
membrane segment as an RC circuit in parallel (R is
the channel electrical resistance and C is the membrane
patch capacitance) [4]. In this circuit the relation be-
tween the Fourier components of the spontaneous fluctu-
ational current I, and voltage, V,, is given by
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Vo = Z(w)1, , (1)

where Z(w) is the complex generalized impedance of the
system as a function of the radial frequency w. Equation
(1) can be written as

quw = a(w)Vw ) (2)

where a(w) is the complex generalized susceptibility
(a(w) = —1/[iwZ(w)]), ¢ is the Fourier component of
the fluctuational charge in the capacitor, and 7 is the
imaginary unit.

The spectral densities of charge fluctuations are given
by (see, for instance, Landau and Lifshitz [7]):

(@) =] a(w) |* (V*)a 3)

and the spectral density of the mean square of the fluc-
tuational force (in our case, voltage) is

2y _ ha'' (w) co ﬂ
Ve = Tatoy 2 P 27 )

where o (w) is the imaginary part of a(w), A is Planck’s
constant divided by 2, k is the Boltzmann constant, and

T is the absolute temperature. Then the mean square of
the fluctuating potential is given by the integral

v =1 [T (5)

For a RC circuit, we have

1 1
Zw—):—é+zwc, (6)

R = Ry R,/ (Rch + Rpn), where Ry, and R,, are, respec-

tively, the electrical resistances of the channel and of the
corresponding membrane patch. Consequently,

a(w) = ~C i . 7

Replacing a(w) given by Eq. (7) into Eq. (4) we have

hwR

hw
l-m coth — . (8)

V3., =
V) 2kT

The characteristic frequency w. = (RC)™! (frequency re-
sponse) of biological channels is less than 10! s~ which
permits one to leave out quantum effects and make the
approximation coth % = Z;TT in Eq. 8, namely,

2RkT

Vi, = ——- . 9
V%) 1+ (wRC)? ©)
Replacing (V?),, given by Eq. (9) in Eq. (5) and per-
forming the integration we obtain

vy =", (10)

in accordance with Weaver and Astumian [5] and DeFe-
lice [2].

III. RESULTS AND DISCUSSION

Equation (10) was applied to a system consisting of an
ion channel and the corresponding patch of lipid bilayer
membrane. We consider a typical channel density of 600

channels/pum?=600 channels/10® A% which is equivalent

to 1.66 x 10° Az/channel (see the table in Hille [1], for
example). This means that a given channel is separated
from its neighbors by a distance s of about 400 A in the
membrane plane and the system consists of a channel
embedded in a membrane patch of about 400 A wide.
We also analyze smaller patches of membrane.

We consider the channel as existing in two basic states,
open and closed. The transition between the two config-
urations is the result of a voltage sensitive gate. The gat-
ing “particle” is envisioned as bearing an electric charge
and being fast enough to respond to a certain range of
fluctuating voltages. No further speculation on mecha-
nisms are made up to this point. We assume the resis-
tance of the open channel to be Ropen, = 5 x 1010 Q (for
an idealized channel). The system resistance when the
channel is fully closed tends to approach the resistance of
the bare matrix making the RC time approach the sec-
onds time scale. In order to avoid this extreme we chose
Rejosed = 5x 1013 Q, representing a state not fully closed.
This values of course can be varied but the choice allows
for a preliminary analysis. For each channel configura-
tion (open or closed) we applied Eq. (10) to obtain the
mean square voltage fluctuation <V2> as a function of
the membrane patch area A given as s2. For each value
of the membrane patch area, a relaxation time 7 = RC
of the fluctuation is defined. The membrane capacitance
associated with the patch harboring the channel is given
by

€€0A
1
d I ( 1)

C =

where A = s? is the area of the small membrane patch
associated with the channel, € and ¢ are, respectively, the
relative dielectric constant of the membrane (¢ = 2) and
permittivity of vacuum (eo = 8.85 x 10712 ¢2N~1m~2),
and d is the membrane thickness. The MKS system of
units was employed throughout.

Table I summarizes our results. The first column de-
notes the square root of the area of the capacitor equiv-
alent to the membrane patch (in A). Columns 2 and 3
present the characteristic relaxation times for the open
and closed channel, respectively. Column 4 shows the
average voltage fluctuation in mV. Column 5 is the ca-
pacitance of the system.

The problem of size is of fundamental importance in
the present context. Since we are reporting fluctua-
tions across the cell membrane, we consider systems of
roughly the same dimension as the membrane thickness,
i.e., patches of membrane about 20 — 100 A wide, and
extend the analysis to about 400 A. Since for each size
considered there is an associated root mean square volt-
age fluctuation, it is expected that the channels “sense”
fluctuations arising in membrane patches of all sizes.

From examination of Table I it is readily observed that
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TABLE I. Relaxation times and amplitudes of voltage fluc-
tuations as related to membrane patch area, A = s2. Values
in brackets are exponents of 10.

Voltage Patch

S RC open RC closed fluctuation capacitance
A) (s) (s) (mV) _(F)
20 7.08[-10] 7.08[-7] 540.7 1.41]-20]
40 2.83[-9)] 2.83[-6] 270.4 5.66[-20]
60 6.37[-9] 6.37[-6] 180.2 1.27[-19]
100 1.77[-8] 1.77[-5] 108.1 3.54[-19]
140  3.47[-8] 3.47[-5] 77.2 6.94[-19]
180  5.73[-8] 5.73[-5] 60.1 1.15[-18]
240 1.02[-7] 1.02[-4] 45.1 2.04[-18]
280  1.39[-7] 1.39[-4] 38.6 2.78[-18]
320 1.81[-7] 1.81[-4] 33.8 3.62[-18]
400  2.83[-7] 2.83[-4] 27.0 5.66[-18]

as the membrane patch area increases the characteris-
tic time and the voltage fluctuation decrease, for both
the open and closed channel configurations. From Ta-
ble I it is also apparent that both channel states present
the same value for the voltage fluctuation for each patch
area. What differs in the open and closed states is the
characteristic relaxation time. Also, for a given ampli-
tude, voltage fluctuations in the closed state are slower
and, as such, closer to the putative relaxation times of
the biological gates (see [1], pp. 477 and 494, and [3], p.
1309).

Now, the relevant voltage fluctuations are, in princi-
ple, those capable of causing a conformational change in
the channel-gate complex. For this to occur the fluctu-
ation needs a minimum amplitude and duration. Since
dc voltage changes as low as 20 mV are known to in-
fluence gating it is clear from Table I that at least, in
what concerns amplitude, voltage fluctuations are capa-
ble of influencing the gate. Considering duration, it is
expected that fluctuations occurring at frequencies equal
to or smaller than the gate characteristic frequency can
influence the gate conformation. On the other hand, fluc-
tuations occurring at very high frequencies, despite being
of great amplitudes (see Table I), probably do not last
long enough to interact significantly with the gate. The
range of frequencies is subject to speculation, since there
is no data available concerning the mass or size of the

gated region of the channel. It is currently reported that
the observed kinectic time constants describing gating are
concentrated in the time range from 20 psec to 100 ms
[1,3]. This means that, according to the data in Table I,
there exists a range of membrane patch areas in which
the corresponding relaxation times for the closed chan-
nel are of the order of the faster gating time constants.
For these particular processes the hereby reported fluc-
tuational changes in voltage are both sufficiently high
and slow enough as to be important as inducers or mod-
ifiers of the gating process. We also observe from Table I
that the relaxation times in the closed configuration are
longer than those of the open one. One possible scenario
in which such a mechanism could operate is in the transi-
tion from closed to open and vice versa: suppose that in a
given channel the closed state is the one of lower energy.
This means that the channel tends to go spontaneously
to the closed state. In this state Table I shows that the
high amplitude voltage fluctuations present characteris-
tic frequencies well within the gate’s own characteristic
frequencies. Such fluctuations are in principle capable of
interacting with the gate. In the open channel, on the
other hand, Table I indicates that high amplitude volt-
age fluctuations are too fast to interact with the gate.
Superimposed on the above fluctuations one also has to
consider thermal fluctuations of the channel structure,
including certainly the gated region [8]. If we consider
the gate as a particle able to swing around some point of
the channel superstructure, then the gate should present
a constrained type of Brownian movement [9]. As such,
we can describe a voltage-dependent gate as being influ-
enced by the following actions: (1) deterministic behavior
due to gross time averaged electric field across the mem-
brane; (2) fluctuations in the electric field due to opening
and closing of nearby channels [10,11]; (3) fluctuations in
the local electric field due to RC behavior of the channel-
membrane system (analyzed in this paper); (4) Brownian
movement due to thermal interaction between the gating
particle and the water molecules and ions.
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